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Fhe following abbreviations are used:
L.t.8. = linear topological space, n.l.s. = normed linear space,

. = sequentisally normed space, u.s.n.s. = union of sequentially

[¢2]
Il

Z.nN.

~ormed spaces, c.s8. = conjugate space.

absofbing set ' . - 8.| countability (first axiom of) 10,
convergence in 8 u.s.n.s. 57.

>aianced set 8.| convergence in the c¢.s. of uos,nég,

3anach space | 27.| convex set 8.

sage of neilghbourhoods 9.

younded functional on a 1.t.s. 15.| dense set 10,

: " " "n,l.s. 30.| distance 19.
sounded operator on a n.l.s. 23.
roomdaed set of a 1.t.s. WBG. equicontinuocus 22.

! . " n.l.s. 28.| eqguivalent 36.

" 1 1 Tt Sol’l,.S, ‘—{_

. " " u.s.n.s. 57.| fundamental sequence 16,17 .
Zcsed set 9.] limit 10.
~ernpact {scquentially) : 10, | limit point -9,
cmravable ) 36.| linearly independent 7.
tomplete (in the weak resp. strong linear operator 7.

sense) 16,17.| linear space 6.
soncordant 36.
ronjuzote space of a l1.t.s. 6. | metric space 19.
" . H | o " nll.s 30.
: . S s n.s. WL norm 27.
" " " y.s.n.s. 57. | normed space 27.
:cncinuous linzer Zunctional on
1.t.s. 15 | norm of operator on n.l.s. 28.
" . : n.l.s. 30. { norm of functional on n.l.s. 30.
. . . g,nusz L3,
! " " u.s.n.s. 57. | open set 9.
crtinuous linzer operator on
1.t.s. 14, | order of functional on s.n.s. hn
" " " n.l.s. 23.
. " : S.n.s. 50. | perfect space 53,




arable 10.| topological spac ¢

uentially compact 10.] totally bounded 2°

uentially normed space 37,

ce C(0,1) 27,3%,] union of sequent normed
spaces 5]

K(a) 12,15,38,44 45,53,

K 57.1 weakly bounded s of the c.s.
ongly bounded subset of the c¢.s.| of n.l.s. 3(
n.l.s. 31.| of s.n.s. Le
S.n.s. | 46 .| weak convergence he c¢.s. of
ong convergence in the c¢.s.of 1.t.s. 1€
.S . 7.1 n.l.s. 3C
.8, 31.1 s.n.s. Le
.S. L6,
netric set 8.

2 important theorems

3aires category theorem (4.1) 2C
dausdorff's criterion on compactness (4.3) 22
Theorem of Arzela-Ascoli (4.4) 23
Janach's theorem on the inverse operator (4.6, 5.4 ) 25,30
and 50
‘rinciple of unirorm boundedness or the theorem of
3anach-Steinhaus (5.3, 5.8, 5.9, 7.4) 29,33,34,47
iahn-Banzch's extension theorem (5.6) 31
ilesz representation theorem (5.10) 3k
Jompleteness of the conjugate of 2 s.n.s. (7.5) 48
iquivalence of strong and weak convergence in the « zate of
y perfect spece (9.2) 54
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sequentially normed spaces

We consider a linear space X with two different norms

and “X“E.

The norms are said to be comperable, with [l x|, being the
:r norm and ||x||, the stronger norm, if there exists a fixed
sant C such that

| h=l, & clixl,

111 x e X..

If X is complete with respect to both norms then it follows
Banach's theorem 5.4 of the inverse operator that comparable
s are even equivalent i.e. there are constents C' and C"

that

) nxﬂq < ¢ NXllg < c’ ”an

If X is not complete for both norms then the process of

letion may be applied for either norm. This gives two com-

p and Xg.

<H2 is the stronger norm then any fundamental sequence in

> spaces X

5 also a fundamental sequence in Xq, Hence to any element of
1ere corresponds a unigue element of qu It is possible that
:rent elements of X2 correspond to one and the same element
1° In order to exclude this the norms are recuired to be
>rdant inthe following sense.

The norms |lx|, end fxll, of the linear space X are said to
ncordant if for every sequence which is fundamental for
norms the convergence to zero for one norm implies that

the other norm.,

ble  We consider the space of all functions f(x), 0&x £1,

1 have & continuous derivative.

10rms
£l = mex | £(x)| oy = max { ()] + ]! (x)]]
roncordant.

rer, the norms
fﬁ1.= max | f£(x)] !lf“e max {‘f(x)% +"f'(0)(}

10t concordant, We may take a8 sequence fn(x) with £/ (0)=1

vhich converges uniformly to zero. This sequence is a
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1damental sequence for both norms which converges to zero for
: weaker norm but which does not for the stronger norm since
ﬂgé 1 for all n.

In the case of concordant comparable norms we have a one-
—one correspondence between the completion X2 and a part of
} completion X,l i.e.

A,ID X2f32<.¢

From two concordant norms[}xﬂq and Hxﬂ2 which are not
iparable we may caslly derive a set of concordent comparsble
'ms by introducing the third norm “X“B = max-{ﬂxﬂqy ”XHE}D
Ve shall now introduce the concept of a sequentially normed

ice which is of the utmost importance for the theory. of

eralized functions.

consider a linear space X with a countable syocem of norms
15 lxugﬁ oo qums

this space a topology is introduced by oeflnlnﬁ a system of
ghbourhoods of zero U(m,z) as

3) = NXHq'fﬁ 2 ﬂXﬂ2<5 5 e s “X}(m":é

One may easily verify that by this choice X becomes a linear
ological space which satisfies the first axiom of countability.

The linear space X with a countable system of concordant

ms with the above given topology is said to be a sequentially
med space., '

The Topology of a2 s.n.s. implies the following definition
convergence. The seguence X, converges to zero i1f Hxnﬂmm%O
_each individual m. Similarly the sequence X0 is & fundamental
uence if for each m and every & >0 there is a number N(m &)

h that for k,1>*> N we have Slx yl]‘
Vie may always assume that the secuence of concordant norms

i

arranged in order of increasing strength

+) B P

.
L

rn'a_s,nose X with (6.4%) the process of completion may becaf-

i
>
—
no
1
HA
e
=
”

° ¢ o =

1 outwith respect to each norm. In thlS way 3 neqtlng

l

ience of Banach spaces
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X;i:?}{z:) :DXm 2 ... ™ X

is obfained. It is to be expected that the limes of Xm, i.e. the
intersection of all Xm, gives the completion of X with respect
to the topology (6.3).

In fact, we have

Theorem 6,
The s.n.s. X is complete if and only if it coincides with the

intersection of all individual compleﬁions Xm,

Proof

j? If X= 1lim X we take a fundamental sequence xn(n=1,2,,.,) in
X and show that it has a limit in X. The sequence x_ is by defini-
tion fundamental in each X_ and has there a limit x'"/. The con-
cordance of the norms says that all limits X(m) (m=1,2,...) are
essentially one and the same limit x which therefore belongs to
X. Since now ﬂxn—xﬂmw@O for each m the element x is the limit of
the sequence xn'in the topology of X so that X is complete.

g? If X is complete we take an arbitrary element x of lim X, @nd
show that xe X.

There exists for each number m an element X, € X for which

Ix-x_ [, < % ;for X ~is the completion of X with respect to the

m norm.,

It is now easy to see that the sequence X, converges to x for
each individual norm, hence X X in the topology of X. In fact
for the pth norm and for m=>p

hoxlly s s by < /m,

so that lim ||x-x || . = O for arbitrary p.
Mo mep
It follows that X 1s @ fundamental sequence in X so that

the completeness of X implies xe X.
From now on any s.n.s. will be tacitly assumed to be complete.

Example

In the space K(a) of all infinitely differentisble functions e(x)
(cf. section 3) a sequence of concordant norms may be introduced
by means of

L= max  {leGOl, le' (0l .. el ™l

m=0,1,2,...
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> zero neighbourhoods U(m,é),]{@“rn< ¢ , coincide with those
troduced previously in section 3 and determine consequently
= same. topology. ' | |
2t the normsare concordant follows from the fact that if

(m)

S B el uniformly converge to zero in some interval (-2,a)
. (m+1) . L
30 &

converges to zero. ,

It can be shown by means of the preceding theorem that
5) is complete. Let Km(a) denote the space of a8ll functions
rishing outside |x| s @ which have continuous derivatives up.-
the m'" order and let K(a)" . mean the completion 'of K(a) with

spect to the norm m. Then it is clear that

K(a)" < K (a).
:re remains to prove the opposite inclusion. According to . .-
lerstrass' theorem any function ¢(x)e Km(a) can be. approxi-
sed by polynomials P _(x) in such a way that PH(X)~%I¢(X) uni-
'mly in x. Take a function e(x)e K(a) which equals 1 .in the

éerval~'1x]§”a—&’ with o Sufficiently small positive. Then

m
<) Pn(x) converges to ¢(x) in the topology of K(a) so that
(x) e X(a)". This means '

m
Km(a) < K(a

that
Km( a) = K(@)"

1ce K(a) is the intersection of all Km(a) it is complete.
I H

ample _
the space S of all infinitely differentiable functions ¢(x)
= which o -
k (n)
=1 e
»all k and n (k=0,1,2,...; n=0,1,2,...)

sequence of concordant norms may be introduced by means of

x)—+0 Jx|- oo

k 1 A REE
lely, = max 1= (™)l . meo,1,2,...50
S k,nsm . o

can be shown in a similar way as before that S is a (complete)

1.5,

A s.n.s. nay be considered as a lineer metric space by
“ining the distance d(x,y) as
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he verification of the six axioms of thé linear metric space
,éf;LSection 4)-is’left to the reader. Ve note the important

"act that ﬁhe_nétﬂfalatopology‘of the linear metric space is
rquivalent to fhe‘tdpology of the s.n.s. ' c

i Tn fact,{tﬁe system of zero neighbourhoods V(&) is according
0 (6.5) determiﬁéd'by spheres

©) g;% Eﬁ"ﬁ+nxﬂd~, .
t.. Each U(m,€) contains a V(&) for (6.6) implies
Ek- mﬂ—k- < & for all k
r
' K.
2
fxl, <« —=——
kg pky

1 ¢ is sufficiently small for k=1,2,...,m we shall have

Xﬂk < E. | B v

. Bach V(&) contains a U(m,e) for it is possible to determine
. and & such that

From the equivalence of these topologies it follows that a
omplete s.n.s. is also a complete metric spacéu‘This fact makes
t possible to apply the important theorem 4.1 of Baire and its
onsequence theorem 4.2,

We consider in a linear space X two sequences of norms

Ixly s hxllo 5o =] ¢ ;

Ul & Il 20 xlll <
hen the first sequence is said to be weaker and the second to
e stronger if each norm ﬂxﬂk (k=1,2,...) is weaker than some

orm [jxf =~ of the second sequence.

f this 1S the case then each sequence of elements XgsFps oo
nich convergeswith respect to the second system of norms con-
arges also with respect\tq the first system of norms. We shall

101 that also the converse is true.
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If each sequencé_' 1jx2,acc which converges for all norms
ﬁé (k=1,2,...) also converges for every norm XH (k=1,2,..)
en the first system is weaker than the second systemw

If the proposition i1s not true there exists @2 normf}xﬂ
ich is not weaker than any norm Hxﬂ (n—152,°,0)0 Hence, for
o n}ix ﬂ‘ . By
slar multiplication, it cen be arranged thabiiv H =1 so that

ch n we may find an element x, for whﬁoh ]x

n)aécﬁ/n The sequence x_ (n=1,2,...) clearly converges to
ro for each norm of the second system. However, this would
ply convergence to zero for all norms of the first system which
ntradicts the assumption [x u‘ = 1 for all n.

If convergence to zero in the first system implies conver-
nce to zero in the second system and vice versa then the
stems are said to be equivalent. In view of the preceding
gument a necessary and sufficient condition for eguivalence
that each norm of one system is weaker than some norm of the
her system., '

The definition of a2 bounded set follows that of boundedness
a more general linear topological space.

2 set S in a s.n.s. is bounded if and only if

I}Xﬂm < C (m=1,2,...) for all xe&S.
2 notion of a bounded set in a s.n.s. is essentially different
om that in an ordinery normed space. Fof exampie in a normed
ace the unit sphere S(||x] £1) is bounded and the sets nS

=1ﬁ23og,) cover the whole space. On the contrery in a s.n.s.

general there exists no bounded set S for which the sets nS

=1,2,...) cover the whole space., In fact, 1f S 1is .determined
I =, < ¢, (w=1,2,...) then en element x, for which

)ﬂtn> mC  1s not contained in any sef{ nS. Thet such an element

tually ex1sts will be proJeQ DeWOw
zorem 6,2
5 X be a s.n.s. with a8 sequence (6.4) of rAorms and let X, be

} completion with respect to the m norm, Then if all Xm

=1,2,...) are different it is possible to find for any sequence
positive numbers CysCps -0 BN element x& X £or which
z c =1,2,...),
I=l 2 o (m=1,2,...),
20f |

shall first show that for each integer m and sny choice of




oo

.tive numbers ¢ and ¢ 1t 1s poggible to find an element x
which

Rxll, g oo dxl,qzc’.

£

‘act, 1f such an element cannot be found then [Ix iC
’ m

yys implies Hxﬂqu< c' which would lead to equivalence, i.e.
= a |

m S m+1° 7 , _

; we shall give an explicit construction for an element x

:h satisfies the requirements of the lemma. We put x=x1+x2+,ec

Nal
L

determine elements X4, ¥ps ... for which

ﬁlxqﬂq > e+

HX2u1*<% ngﬁg > 02+1+ifxqﬁg ;
iZXBHQ ‘:’é%‘ “XBHB > CB+/]+ %ixq ﬁs‘_ S!XE“B 3
etc.

e0)
1 1t 1s clear that the series 2:' X, converges for all norms.

]
lc="1

‘her we have
1

1

uxnm %’”X mnm h fﬁ igxkﬂm —li:

X 2
k=m+41 I Kﬂm E

s

<

SIS T EY R [T N S milfxqﬂm+00u+ﬂ Xm-dﬂ@} ? .

g.e.d.

At the same time we have now proved that the topology of

n.s. obtained by a sequence of non-equivalent norms, fqr

h the completions X _ (m=1,2,...) are a2ll different, is essen-
ly different from that of a normed space. It is easily seen

it is already sufficient that the sequence [x]  (m=1,2,...)
ains a subsequence of non-eguivalent norms. On the other

a sequence of norms for which af'ter a certain index all
s are equivalent clearly leads to a s.n.s. which is merely

rmed space.
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. Functionals on a sequentially normed space

In section 3 we studied a number of properties of continuous
inear functionals (f,x) on a linear topological space X. In
action 5 . the general theory was applled to the 1mportant speclal
18e where X is a normed space. For a clear understanalng ‘©f ‘the
>undations of the theory of generalized functions or distributi-
1s we need some detailed knﬂwledge on continuous linear func-
.onals on a sequentially normed space which 1s somewhat
:tween the too general linear topological space and the too
>ecial normed space.
wever, as we shall see below a number of properties of functiona:
1 a s.n,s, are closely analogous to those of functionals on a
rmed space, ,

It will be assumed that X i1s a complete s.n.s. with an

iIcreasing sequence of concordant norms

) Ixhys Uxlo s el s

base of zero neighbourhoods is formed by the spheres
".2) <), < € (m=1,2,..., &> 0)
mvergence xnw¢0 in X means that

. 3) lim }x A, =0 for each m,
n+00

‘ Xm denotes the completion of X with respect to the norm
:Hm we know by theorem 6,71 that

) Xy2X, 2 ... X O e lim X = X.

We repeat the definition of a contlnuous 11near functlonal
(f x) is linear if 7
', (f,xx+py) = a(f,x) + B(f,y). o .
(f,x) 1s continuous if for each € » O there exists a zero
ighbourhood U such that |(f,x)|<e for all xeU.,
As we have seen in section 3 f“r a linear topologlcal spaoe
y continuous linear functional is bounded on some nelghbourhood
zero. Since for a s.n.s. a base at zero is formed by the
heres uxﬂq< g ,[]xﬂ2< € ..., Hxnm< £ ,... this means that
r any continuous linear functional there is an index m and a
nstant C such that

5) NEFONIERCAN EY W
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Letug assume that each space X(m) satisfies the first axiom
of countability. Thén it can be stated that a linear operator
is continuous if and ohly if it is bounded.
Theorem 10,3
For a linear operator T on the union X(w)of S3.1.8.'s in which

the first axiom of countability is satisfied continuity and
boundedness are equivalent,

Proof

It is sufficlent %o show that T transforms any arbitrary x (M

in some Y(p) for then we may apply theorem 3.1. First we note
that in a linear topological space in which the first axiom of
countability is satisfied for any sequence of elements xn”
(n=1,2,...) it is possible to find numbers », such that

whxnuwoc In fact, let U,]:JU2 2 ... Dbe a decreasing base of zero
neighbourhoods then it is sufficient to takehiwn such that

anné Un°

Let us suppose that the linear operator T in X(w) does not trans-
form some X(m) into some Y(p), i.e. TX(m)¢ Y<p) for no.p. Then
we may construct a sequence x e X(m) (n=1,2,...) such that
Txn?fY(n).p ' N

Let the numbers %n be chosen such that AELm O IF T is continu-
ous then it follows that also T(mnxn) = 7 TIx —0. However, this
‘implies that all Tx_ belong to some v(P contrary to_the
assumption. If T is bounded Fhen the elements mnTxn are also
bounded. However, also this implies that they all belong to some

y\P contrary to the assumption.

For a continuous linear operator T transforming a space

V) . - W : .
X(V into a similar space Y we may determine a conjugate
w) !

operator T*‘which transforms Y(W) into X( according to

(T Es X) = (gs TX),
. J i
where x eX(mn and g;eY%U» - In virtue of the continuity of g and

T also the conjugate operator T is continuous.




R
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The sequence of functionals fna X(N) is said to converge

to the functional f if for each x @X‘

lim (f_,x) = (f,x) .

N=C0

n

This type of convergence might be called weak convergence. We
shall, however, not introduce any other tType of'convéfgence.
Theorem 10,1

Ay m 4
Ir a1l K( ) are sequentially normed sp
with respect to its (weak) convergence

w)' 1is complete

aces then X(
Proof

Let the functional f be defined by (f,x)=1lim (fngx) then
obviously f is linear. According to theorém ° 7.5 for esch X'™
it is continuous. Then by virtue of the definition 1t is also
continuous in X(w) . '

| , |
The set 8 of X'®) 35 said to be bounded if for srbitrary

(w)

As regards the principle of uniform boundedness we may

xeX the numbers (f,x), f& S are bounded.

prove the following tTheorem

Theorem 10,2

If all X(m) are sequentially normed spaces and if S 1s a bounded

a
i
set of ™ then the numbers (fyx;, f&S are uniformly bounded

. i
on an arbitrary bounded set A« X .

Proof
. e an o) .
Using the definition of boundedness in K(*) there 18 an index m

A m 4 ] 3 N o R
such that Aczx( ) and that A is bounded with respect to its

topology. The functionals feS are in particulsr continuous on
L (m) (m)

form a weakly bounded set in X

and since they are bounded for each element x eX they

(m)

7.4 they are also strongly bounded, i1.e. sup |(f,x)|< co for

. But then according to theorem

fesS and xe A,

, . _— - . . . w
The linear operator T transforming & union of s.n.s. X( )

: . . L w) . L, .
into itself or into a similar space Y( ) is gsai1d to be continuous

if x —0 (n=1,2,...) implies Tx ~+0. It is seid to be bounded
if it transforms every bounded subset of X(w> into a bounded

subset of Y(w)n




R
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10, Union of sequentially normed spaces

Let there be given an increasing sequence of linear
topological spaces

2> (=S X“n)d

x( e
It will be assumed that at each inclusion convergence is

(m) converges to zero

then it also converges to zero in the larger space X(m+/})°
The union of all X(n) (n=1,2,...) will be indicated by

X(M), It represents a linear space with the usual linear rela-

preserved, 1.e, i1f the sequence X & X

tions,

We shall introduce in X(W) the following type of conver-
gence. The seqguence X (n=1,2,...) of elements of X‘”) is
said to converge to the limit x of X(w) if all elements Xn and
X belong to some subspace X(m) and if x -+ x in the topology of
wlm) ;

The union X(w) of the linear topological spaces X<n) will
not be considered as a topological space and no definition of

open and closed sefts in X(w)

Example

We consider the union K of the spaces K(m) consisting of

will be given,

all infinitely differentiable functions ¢(x) which vanish
outside (-m,m). Convergence Pt ¢ in K means that all ¢
and ¢ vanish outside some interval (-m,m) with a fixed m and
that ?n(x) and each derivative converges to $(x) and the
corresponding derivative uniformly in (-m,m).
The set Sc:X(w) is said to be bounded if there is an index
m(s§ch that Sc:X(m) and that S is bounded in the topology of
X\ )

The linear functional f on X(w) is said to be continuous

if it is continuous on each X(m), If each space X(m) satisfies
the first axiom of countability this definition is eguivalent
to the following:
The linear functional f is continuous if it is bounded on each
bounded set of X(w)b

All continuous linear functionals on X(w) form the con-

w)' . . . »

Jjugate space X which, of course, is a linear space.

In this space the following type of convergence will be intro-
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e i,

Proof Yo e

Remembering that X,]::eX2 ™ ... ™ X there are two possibilities.
Either all Xn are separable or at least one is not separable.

In the first case a dense set S in X is obtalned as the
(countable) union of dense sets S, in X (n=1,2,...). In the
secondlcase we may assume e.g. that X1 is not separable,
According to the axiom of cholce we may imagine a not countable
subset Z, of ¥ which is bounded with respect to the norm of

X,l » :
some positive number & . Zﬂ may not be bounded with respect.to

and for which the distance of any two points always exceeds

the norm ﬂ-ﬂ2 but then we can take a bounded subset 22 of Zq
which 1is equally not countable.

Proceeding in this way a nesting sequence of not countable

sets Zn is obtained of which Zn is bounded with respect to the
norm || - |l . We note that for any two points of Zﬁ' HX‘-x”un> ¢
for all n.

Now we take a sequence x, (nf1,2,a",) by taking for x an
arbitrary element of Zna This sequence 1s bounded in the topolo-
gy of X but clearly it does not contain any converging subsequen-

ce, However, this contradicts the property of compactness.

From the proceding theorems we may at once deduce,

Corollary

In the conjugate space of a peffeét space each bounded set is

compact in the weak and strong sense,
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2 Let f —»0 in X'. Then according to theorem 7.3 there is an
index 1 such that fne Xi and that the sequence is bounded with
respect to i1ts norm. We take the index m»> 1 such that the

boundedness of every sequence x, € X with respect to the norm

u-um implies its compactness with respect to the norm ﬂ~§l.
The sequence f which is bounded for the norm ﬁ'“T is also
bounded for each higher norm and in particular for ||.f . We

shall show that fnm&o with respect to the latter norm, i.e.

(f_,x)=+0 uniformly in the unit sphere |Ix}| £ 1. If this were

1
n tm
not true it would be possible to construct a sequence X such
that with some positive number &
uxnﬂm_éﬂ (n=1,2,...) , }(fn,xn)Ii & .

The sequence X, is compact for the norm Hlﬂl, say that XX
in Xm‘ But then

[eox )b s [Ce e -l + [ s el Bx =<l + V(e L0l

so that with n-+o00 a contradiction is obtained,

The conjugate of a perfect space is in general not perfect,
it 1s not even a sequentially normed space., However, it can be
shown that just as a perfect space it enjoys the property that

its bounded sets are compact.

Theorem 9,4
In the conjugate space X' of a separable s.n.s. X each bounded

sequence fn(n=1,2,.t,) contains a weakly convergent subseguence,

Proof
Using the diagonal process a subseguence fn ,fn »... Ccan be
E o]
constructed which converges for each elemeng xkC (k=1,2,...) of

a dense set S in X. The chosen subsequence igs bounded and belongs

to X% for some index m (theorem 7.3). The functionals f ,fn

n S e e
converge on S which is dense in X and hence dense in Xm,q :
Then (corollary 2 of theorem 7.4) they are weakly convergent to
gome limit fe,Xén This means that for any XeﬁXm, and in particu-
lar for any x &X, (fn x)=+(f,x) g.e.d.

This theorem ho%és in particular for a perfect space, for
we have |

Theorem 9,5

A perfect space is separable,
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Then it will be shown that S is compact with respect to the
norm ﬂ‘FHm_q, The derivatives of ?(m—ﬂ)(x) (p&eS) are uniformly
bounded so that according to the theorem 4.3, of Arzela-Ascoli

it is possible to select a uniformly convergent sequence :

) (x)

@q(m"q)(x), @g(m_1>(x),.a, . Then also the sequences P4 s
@2( )(X),.,. (k=0,1,...,m-2) are uniformly convergent,
This means. that the sequence @n(x) converges with respect to

the norm “@’“néﬂ‘ Hence, according to the theorem K(a) is perfect.

lheorem 9.2

In the conjugate X' of a perfect space X strong and weak conver-

gence are equivalent,

Proof

It is sufficient to show that fnwﬁO in the weak ‘znse implies
f,—0 in the strong sense, 1i.e, (fn,x)~»0 uniformly on every
bounded subset A of X. It follows from the first corollary of
‘theorem 7.4 that the set £ (n=1,2,...) is already strongly
bounded, If (fn,x) 1s not uniformly convergent in a bounded set
A 1t is possible to construct a sequence X (n=1,2,...) such
that }(fn,xn)]> € for some positive number & , On the other
hand the sequence X has a limit point x since A is compact, Let
us assume that X+ X, Then according to theorem 7.7 we have
(f,xn)~+(f,x) uniformly in every bounded set of X',

If for the latter set we take the elements fn then we have in
particular (fn,xn—x)w¢0n But since also (fn,x)»ﬁo we would also

have (fn,xn)mwo thereby obtaining a contradiction.

For perfect spaces in which the conditiong of theorem 9.1
are satisfied something more may be said concerning (weak or

strong) convergence in the conjugate space,

Theorem: 9., 3 ; A
With the conditions of theorem 9.1 the sequence fﬁ (n=132,..,)>

£

converges (weakly and strongly) in X' if and only if there is an
index m such that all fn belong to Xé and are convergent with
respect to its norm.

Proof

1 If f

l(fn'fyx)!
to £ in X

X' and an_fan#O then for each x e X we have

A S -

nfn—fﬂm Hxﬂmv&o so that £ is (weakly) convergent

t

®
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9. Perfect spaces

A sequentially space with the property that all its
bounded subsets are compact is said to be a-perfect space.

We recall the property enjoyed by any linear topological space
that any compact set is also bounded (theorem 3.2). A simple
criterion that a given s.n.s. be perfect is:

Theorem 9, 1 _

Let X be a sequentially normed space with norms

Ixly s bxly s oong fIxl,

and let there bhe given a sequence of indices m, < m2 <,,,<Ink< o e s s
Then if from every set S<X which is bounded with respect to the
norm || -Rm 1t is possible to select a sequence with distinet
elements k+qwhich is fundamental with respect to the norm

. the space X is perfect,
my

Proof
Let S be a bounded subset of X. In particular S is bounded with
respect to “'”m . It contains a sequence Xgqs¥gns .. which is
fundamental with respect to H-ﬂm This sequence is further
bounded with respect to H-Hm and contains a subsequence
X545Xp0s ... Which is fundamental with respect to N'Rm
Continuing this procedure a system of sequences 1is ob%ained

a9 X e Xy

29 oo Lom.

X X A oo X

m71. me mm

each of which is fundamental to the previous norm, The diagonal
sequence Xg4s%n0s ... is fundamental with respect to all norms 4
i.e. fundamental in the topology of X, Since X is complete the

limit exists so that S is compact.

Example The space K(a) is perfect

In fact, let S be a bounded set with respect to the norm

l}@[lm = max {[@(X)[,,,., l@(m)(x){}, m oz 1.
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For a sequence T,n (n=1,2,...) we may introduce weak
convergence in the usual way as follows:
A sequence Tn (n=1,2,...) of continuous linear operators

is said to be weakly convergent to the limit T if
lim Tnx =T x for all xeX

in the topology of X .

It is not a priori obvious that the 1limit operator is linear

and continuous, Clearly it is linear; that it is also continuous
is expressed in the following theorem,

Theorem 8,4 '

The 1limit T of a weakly convergent sequence of continuous linear

operators Tn mapping a s.n.s. X into a s.n.s. X%'is also linear
and continuous,

Proof

In view of theorem 8,1 it is sufficient to prove that T trans?
fforms every bounded set Ac X into a bounded set TA of X'ﬁ In
order to prove the boundedness of TA we may use theorem 7.2,
Hence there remains to show that for each continuous linear
functional g the numbers |(g,Tx)| , xeA are (uniformly)
bounded. -

With a fixed g the seguence of continuous linear functionals

£, defined by.(fn,x) = (g,Tnx) (n=1,2,...) is weakly convergent
to the limit (f,x)= (g,Tx).

According to theorem 7.5 the 1limit f is also continuous. Howevér,
this means that sup|(f,x)]<om for x ¢A, But then also
Supﬁ(g,TX){< co for x €A which proves the theorem.

We note that this theorem rests essentially upon the principle

of uniform boundedness (see theorem 5,3).
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Using the concept of concordant topologies the following

theorem may be formulated

Theorem 8.2 Qx%ﬁﬁﬁi

1f X and X < X are (complete) sequentiallyYspaces with concordant

topolbgies then convergence X ~*X in the topology of X N implies .
convergence x —+x in the topology of X,

Proof

Let lIx[l, and xI
Then we introduce a third norm system by means of

HX"% = max'{ﬂx”m, ﬂx“é} . First we shall show that X is complete
with respect to the new norm. In fact, let x e X® (n=1,2,...) be

(m=1,2,...) be the norm systems of X and X *,

a fundamental sequence for “X“%. Then it is also fundamental

for Hxﬂm and | x| so that x ~-x_  in X and X,+x) in X7,

I
From the concordancg of the topologies it follows easily that
xoa.x;', Hence also XX for the new norm,

From the corollary of theorem 8.2 it follows that in X the
comparable norms ﬂxﬂﬁ and nxﬂé ari%equivalent.

Let now de+xo in the topology of X . This means of course

that ﬂxn—xoné~$o (m=1,2,...). The equivalence proved above says
that then |jx -x [['—0. But this implies By x M =0 1oe. x —»x
in the topology of X,

This theorem means that with the condition of concordant
norm systems convergence in the narrower space 1mplies convergen-
ce in the wider space. Also we have
Corollary

Any continuous linear functional on the wider space X is also

. . . e
a continuous linear functional on the narrower space X

In section 1 we have seen that the linear (continuous)
operators T(X-+X¥) where X and X ¥ are arbitrary linear topologi-
cal spaces form a linear space., In fact, the following definitions

of addition and scalar multiplication

(T, + 7T

1 2)x = T x + T.%,

(mT)x = A Tx,

where x X,

clearly satisfy the axioms of the linear space,., Moreover, it is
easlly seen that the continuity of Tq and T2 implies that of

T +T2 and the continuity of T that of =T,

1
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8. Operators on a sequentially normed space

We consider a continuous linear operator T which trans-

forms a s.n,.s. X into-a s.n.s. X .

The genefalvtheory of a contihuous linear operator on a linear

topologlcal space has been given 1in Sectlon 3. According to
the theorems?3,. 3 and 3. 3 the continuity of a linear operator
on a s.n.s., is equlvalent with boundedness The theory of
linear operators was continued in sectlon 4 where we dlscussed
Banach's theorem of the inverse operator with respect to a
complete‘linear metric space, Since a s.,n.s. is also a linear
metric épace this important result also holds for a s.n.s.

We repeat the definitioh'of‘a continuous linear Qperator.

1° Tx is linear if

T(ex+py) = oTx + @ Ty,
° Tx is continuous 1f for each neighbourhood V of Tx there is
a neighbourhood U of x such that T U « V,
Next we repeat the folloWing theorem

Theporem 8,1

A linear operator is continuous if and only if it transforms

bounded sets into bounded sets,

‘Banach's theorem 4.6 may be formulated as follows
Theorem 8,2

A continuous linear operator T which transform a {complete)s.n.s.
. # ) . -
X one-to-one into a s.n.s. X has a continuous inversge T

As in section 6 we have the following corollary

Corollary. .

If X is-aa(complete) s,nys; with respect to two sequences Of

- norms: HX“m and qué (m=1,2,...) and if these sequences:

are comparable then they are eguivalent.
Let X and X be two linear topological spaces where
] n %
X is a subspace of X: then the topologies of X and X are said

- . # .
to be concordant if for each sequence X, @ X which converges

to zero in the topology of Xéeand which at the same time con-
verges to an element x in the topology of X we always have x=0.
A common situation in which this arives is that where the norms

in Xé;are stronger than those in X.
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Again the sequence fn is strongly bounded. We now apply theorem
(.3 which says that all fn belongs to some Xé and are bounded
there, Since (fn,é)«+(f,x) on X which is dense in X convergence
also holds in qu

go Ir fﬁ—rf for x.eXW then convergence certainly holds in- the

i

subspace X of Xm.

Later on we shall need the following lemma
Theorem 7.7

If the sequence X, (n=1,2,...) converges to the element x of a

s.n.s, X then ,(f,xn)—a-(f,x) uniformly for every bounded
subset of functionals f of X',
Proof
We note that by theorem 7.4 it makes no difference whether
bounded is meant in the strong or in the weak sense. Let B be a
bounded subset of X'; then by theorem 7.3 we know that there
exists an index m suchthat Bc:X% and that B is bounded with
respect to its norm, say

ﬂfhch, feB.

For each n we have

sup !(f,xn~x)l < sup Hfﬁm Hxn—xﬁm < “xn-xﬂm,
28 f&B

Hence (f,xn-x)wvo uniformly in B,




..

Corollary 1

If f is a weakly convergent sequenoe<x contlnuous linear

”fnnctlonals on a s.n.s. then £, is strongly bounded.,

Corollary 2

The sequence f of continnoué linear fUnctionalS on a s.n.s.
is weakly convergent to zero if and only 1f the sequence is
strongly (weakly) bounded and if (fn’ x)-»0 at least for those

X belonging to a set which is dense in X.

We are now able to prove the following important theorem.
Theorem 7.5 f

The conjugate space of a sequentially normed space is complete
with respect to weak convergence. -

Proof | |

We con81der a weakly fundamental sequence f €X' (n=1,2,...).
This means that for each x & X the sequence (fn,x) converges to
some limit, say (f,x). The limit is obviously a linear functional.
There remains to prove its continuity. We have . just shbwn
(Corollary 71 of the preceding theorem) that the sequence fn is
also strongly bounded. Then according to lemma 3.9 there exists
a neighbourhood of zero U on which the functionals fn are
bounded:

I(fn,xﬂ s C, x 2 U,
But then also
[(£,x)] = lim ((fn,x)lgc, xel.
N~ 0O

This means that f is bounded on U which according to e.g.

theorem 3.7 implies continuity.

Theorem 7.6
The seguence fn of continuous linear functionals on a s.n.s.

converges weakly to the functional f if and only if all fn are
continuous functionals on a common normed space Xm and 1f they
are weakly convergent in Xm i.e,

(fn’ X) s (,x), x eX

Proof

10 Let fn be weakly convergent to f,
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idex m the set S is contained in X& and bounded with respect
v 1ts norm.
00of

Let Sc:X% and be bounded in Xé,

ke the zero neighboturhood Ue X with lxl,, s 1. The bounded-
ss of S'iniX% means that

L(f,x)} ¢ M for xeU, f &8,

t this means that S is bounded on some zero nelighbourhood of

Hence S is.bounded on every bounded set in X, 1.e. strongly
unded.

Let S be strongly bounded.

cording to lemma 3.9 there exists some zero neighbourhood U

X, say ”X1%1€ ¢ , for which

sup | (f,x)| < M
fesS

r some constant M. But this means that every functional f e S

bounded on U by the constant M so that f)aXm with a norm not
ceeding M/& qg.e.d,

It will be clear that strong convergence implies weak
nvergénce and that any strongly bounded set is also weakly
unded. However, as for Banach spaces (theorem 5.3) we have
sorem 7,4
veakly bounded set of X' is also strongly bounded.
20of | |

is sufficient ¢to show that a weakly bdﬁnded set S 1s bounded
some zero neilghbourhood of X, Consider the set C of all
X for which

.13) e s for all f 8.

> set C is closed since for each f &S the set for which

°,x)| § 1 is closed. The set C is convex since for each &3S

> set for which [(f,x)| ¢ 1 is convex. Moreover, C is symmetric.
1211y C absorbs all elements of X. In fact, since S is weakly
inded the numbers |(f,x)| , fe S are bounded for any fixed

30 that e,g. i(f,xo)fg M and hence k(f,xO/M)fg 1, i.e,

‘Me C. Now we may apply theorem 4.2, Hence C contains a zZero
-ghbourhood U, On this neighbourhood S is uniformly bounded

view of (7.13). This proves the theorem.




Hf,ﬂm for arbitrary m. We may consider S as a subset of}me

Then on S in particular all continuous linear functionals of the
order m, which constitute X%, are bounded,

But then theorem 5.8 can be applied, )

- According to the general theory of section 3 in the conjﬁ—
gate space X' a wéak tdpology and a strong topology can be
intrcduced. ,

The weak topdlégy is determined by weak zero neighbourhoods

depending on a finite number of elements XgsXpseaws Xy of X and
a positive number &, The neighbourhood U(xq,xg,a..,xm,a) is
defined as. the set of those feX' for which

(7.9) (e )lee, [ )lee o, [(fx )<z,

The set ScX' is weakly bounded if for each x&X

(7.10) sup [ (f,x)l< o .
fes

The sequence f_ ¢ X' (n=1,2,...) 1s weakly convergent to f if for

each x ¢X
(£_,x)=(£,%).

The strong topology is determined by strong zero
neighbourhoods dependihg onra bounded set B of X'ahd a pbsitive
number e . The néighbourhood U(B, &) is defined as the set of
those f eX' for which | |
(7.11) sup_ 1(£,%) ] < e.

X e B

The set ScX' is strongly bounded if for every bounded subs&t

A of X
(7.12) sup  [(f,x)}<e.
xehA, &8
The sequence fn/aX’ (n=1,2,...) is strongly ‘convergent to f
if

uniformly in every bounded subset B of X, '
" "The notion of a strongly bounded set mdy here be put in a

simpler form,

Theorem 7.3

The ‘set § of X' is strongly bounded if and only if for some
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lifferentiable functions ¢(x) which vanish outside (-a,a).
'e have seen that K(a) is a complete s.n.s. with the norms

loll,, = max {JeGOl L Jo' (0] oooos o™},
=0,1,2,... ‘X‘=a
e have seen that every continuous linear functional on K(a)
urns out to be a continuous linear functional on the normed
pace Km(a) for some m, The space Km(a) consists of the functions
(x) which have continuous derivatives up to the nth order and
hich vanish outside (-a,a). To any ¢ < Km(a) we may associate
he continuous function w(x)= ¢ o (x). This defines a mapping
f Km(a) into a subspace of C(a), the space of all continuous
unctions in (-a,a). It is easily seen that this is a continuous
ne-to-one mapping since

loll,,

1l

m
max {jq] s le'l s oo, }9( )}}g C max S¢(m){:
= C max |v| 3 Cii?[{m;
r more constructively f , f
X X m 2
< = 'd‘:-‘,.: (m) ]
o(x) _g _@ 5 ;4 :é e :é pr ' (5,)d5.,d%... .0 .
herefore (f,¢) is equivalent to a continuous linear functional
g,¥) = (f,9) on the subspace of C(a). According to the theorem
.6 of Hahn-Banach this functional can be extended to the whole
pace C(a). Then we may apply the representation theorem 5.0
I Riess - saying that there exists a function of bounded variation

(x) for which .

(g,%) = [ y(x) aplx).

ence we obtain »aa
7.8) (£.0) = [ ¢'™(x) ap(x). “
-2
For sequentially normed spaces the fcllowing analogue of .

neorem 5.9 may be formulated (principle of uniform boundedness ).
1eorem 7,2 ‘

f S is a subset of a s.n.s. X then S is bounded if for each
ontinuous linear functional f the numbers }(f,x)f , X &S are
>unded,

coof

ccording to the definition of boundedness in a s.n.s. it is

afficient to prove that S is bounded with respect to the norm
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This regult is important enough to state it in the form of a
theorem:
Theorem 7.

Every continuous linear functional on a s.n.s., is bounded with

respect to some norm in the sequence,

The converse of this theorem is obvious,
The least number m for which (7.5) is true is said to be the

order of the functional.

All continuous linear functionals on a s.n.s., X form the
conjugate X', We shall now study the structure of this space.

All continuous linear functionals of an order ¢ m, i.e.
those functionals which are continuous with respect to the norm
of Xm form a subspace X& of X' which is the conjugate of Xm’

Therefore X& is a complete normed space., We have
90)

= U x
k=" K
It is obvious that a functional of order m is also bounded on
the spheres “Xﬂm+ﬂy 1, Hxﬂm+2 ¢ 1,... so that it is an
element of Xé+ﬂ, Xm+2’°‘° Hence we have the nesting sequence
! 1 o ! 3. |-
(7.6) quzxg [ Xm o ... , 1lim Xm = X,
The functional f of order m has in X%, X%+1,,;. the follo-
wing norms
Bfﬂm = 38up § (f:X)% 3 SEmeM: SUp ; (f:X) g 50
Co x| =1 : X ="
m m+-1
so that
(7°7) }lfmng ”fnm+1 =

This may be summarized as follows.
Property : ~
The space X' which is the conjugate of the s.n.s. X is the union
of an increasing sequence of complete normed spaces with norms

becoming weaker and weaker.

Example
It is now possible to obtain the general form of a continuous

linear functional (f,¢) on the space K(a) of all infinitely




